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Buckling of Viscoelastic Beam Columns

A. M. Vinogradov*
University of Calgary, Calgary, Alberta, Canada

The paper presents a theoretical study of the creep buckling behavior of viscoelastic beam columns under
general loading conditions. A detailed analysis is given for three particular cases, axially compressed columns with
initial curvatures, laterally loaded beam columns, and beam columns in bending. The creep buckling problem is
formulated in terms of the constitutive equations of the linear hereditary viscoelasticity. It includes two types of
viscoelastic materials, those with limited and unlimited creep. The general solution is derived by means of the
quasielastic method and is examined in detail for two simple rheological material models. It is shown that the
creep buckling behavior of linearly viscoelastic beam columns under various loading conditions is typically
governed by the magnitude of the axial compressive force. For viscoelastic materials of the limited creep type,
there is a safe load limit below which the creep buckling characteristics of the structure are limited in time. The
magnitude of the safe load limit as related to the Euler’s elastic critical load depends solely on the asymptotic
value of the creep function of the material. Quasielastic approximations and the corresponding exact analytical
solutions are compared in two simple problems. It is observed that the quasielastic technique is adequate for
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applications to the linear creep buckling analysis.

Nomenclature
A, = amplitude of instantaneous deflection
A, = amplitude of initial imperfection
A(t) = amplitude of lateral deflection

= instantaneous elastic modulus
= inertia moment
= length of the beam column
= bending moment
= external bending moment
= axial force
= elastic critical load
= lateral pressure
= uniform lateral pressure
= time
= lateral deflection
= instantaneous elastic lateral deflection
= initial imperfection
= creep operator
I'(t—171) = creep kernel
= strain
= curvature
o = stress
Yoo = limiting value of the creep function
¥ (1) = creep function
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Introduction

IME-DEPENDENT buckling of columns in creep has
been extensively studied in a number of publications.!"!
Critical reviews on the subject are given by Distefano,’
Kempner,® Vinogradov,'* and Hoff.'¢
In general, the principal objectives of the creep buckling
analysis can be outlined as follows: 1) to predict the critical
time and 2) to obtain the viscoelastic buckling characteristics
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under various creep and loading conditions. The critical time
in creep buckling is commonly associated with the develop-
ment of large deformations at high deformation rates. Respec-
tively, the creep buckling analysis should necessarily be
based on the nonlinear deformation theory (see Huang,’
Vinogradov,'* and Zyczkowski'®). The second case concerns
primarily a variety of practical applications in which the creep
deformations should not exceed a certain. limit for the de-
signed period of time. Such deformations are typically small
and can be computed by means of the linear analysis.

The present paper deals with the latter class of problems. It
aims at the creep buckling analysis of beam columns under
general loading conditions, including as particular cases col-
umns with initial imperfections under axial compression and
beam columns subjected to simultaneous action of axial com-
pressive forces, bending moments, and lateral pressure.

In the study, the creep properties of the material are defined
by the constitutive equations of the linear viscoelastic theory
of hereditary type. Formulation of the problem is given
in general terms involving two types of viscoelastic
materials—those with limited and unlimited creep. Typical
characteristics of the viscoelastic buckling behavior are ex-
amined by means of the quasielastic method. Numerical re-
sults are obtained for two simple rheological material models.
The accuracy of the quasielastic solution is discussed.

General Problem

Consider a hinge supported beam column subjected to
simultaneous action of axial forces P, arbitrary distributed
lateral pressure g(x), and bending moments M,, as shown in
Fig. 1. The axis of the beam column may have an initial
imperfection with the deviation w,(x) from the straight line.
It is assumed that the magnitude of P is less than the elastic
critical load P,, P<P,. The structure is loaded instanta-
neously at time 7 = 0, and the load is sustained at ¢ > 0.

The mechanical properties of the material are defined by
the constitutive equations of the linear viscoelastic theory of
hereditary type. Thus, the uniaxial stress-strain relation is of
the form

()= ge (o0} =FA+TH{e(0} (O
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where T'* is used as a symbolic notation for the integral
operator of the Stieltjes convolution type

T*{o(1)) =/O’r(z—7)o(7)dt (2)

The kernel T'(z— 7) represents the creep properties of the
viscoelastic material.

It is assumed that the deformation of the column is governed
by the classical Bernoulli-Euler theory. In this case, the curva-
ture-bending moment relation is similar in form to Eq. (1):

K= g7 (L+T) (M) ()

The curvature x and the bending moment M are functions of
the coordinate x and the time ¢.

With the above assumptions, the creep buckling behavior of
the beam column is governed by the integrodifferential equa-
tion

3%w
ax?

El—— = —(1+T*){M} (4)

‘n which the lateral deflection w is a function of x and ¢,
w=w(x, t). The governing equation (4) is considered in con-
junction with the boundary conditions that are stationary in
time

w(0,8) =w(Z,1)=0 (5)

and the initial condition that represents the elastic response of
the structure at the time of the load application

w(x,0) =w,.(x) '(6)

The viscoelastic buckling problem defined by Egs. (4-6) is
solved by means of the quasielastic method suggested by
Schapery'’ for the linear viscoelastic stress analysis. The tech-
nique is similar to that applied by Vinogradov* to the creep
buckling analysis of eccentrically compressed viscoelastic col-
umns.

Application of the quasielastic method implies that the
stress-strain relation in the form of integral equation (1) is
approximated by

(1) = [L+¥(D]e() ™

which is derived by replacing the action of the creep operator
I'*{o} by the product ¥(¢)-o(t). In Eq. (7), ¥(¢) denotes
the experimentally determined creep function of the material

¥(1) =T*(1} = [T(t-r)dt (3)
0
Note that
$(0) =0 )
By means of the quasielastic method, the governing equa-
tion (4) to the viscoelastic buckling problem is replaced by
2

B = 1y M (10)

where w,=w denotes the quasiclastic approximation of the
lateral deflection w. The function w, must satisfy the
boundary and the initial conditions given by Egs. (5) and (6),
ie.,

w,(0,6) =w,(£,1) =0 QY
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Fig. 1 Beam column with initial curvature.

w,(x,0) =w,(x) (12)

Equation (12) indicates that at time ¢=0, the quasielastic
approximation coincides with the exact viscoelastic solution.
Equation (10) can be presented in the equivalent form

2

E(1)I Yoo M (13)
t _—

dx?
where E(t) denotes the time-dependent elastic modulus of a
fictitious elastic material, the properties of which are defined
by the actual viscoelastic response in terms of the creep
function {(r)

E(1) = Ep/[1 +y(1)] (14)

It follows that the viscoelastic buckling problem is reduced to
a similar elastic problem, which depends parametrically on
time. Thus, the quasielastic approximation of the lateral de-
flection w, can be readily obtained from the elastic analysis,
provided that the creep properties of the structure and the

loading conditions are specified.

Some Particular Cases

In order to examine the typical characteristics of the creep
buckling behavior of viscoelastic beam columns, the above
analysis is applied to several particular cases.

Columns with Initial Imperfections

Consider an initially bent viscoelastic column, the axis of
which is defined as

w(x) =4, sin(7x/?) (15)
The axial compressive force P < P, is applied to the column
instantaneously at time ¢ = 0 and sustained for ¢ > 0. Respec-
tively, the bending moment M is obtained as
M=P(w,+w) (16)
In this case, the governing equation (4) is of the form
3w

EJ—5 +P(+T){w}=-PA+T*){w} (17)

Replacing w, by Eq. (15) and applying the quasielastic method,
one arrives at the differential equation

2

w
dx;‘ + k(1) w, = = A,k (2) sin> (18)
where k2(¢) is defined as

k2 (6) = k1 +4(1)] (19

k2=P/E,1 (20)



MARCH 1987

Tt can be verified by direct substitution that the quasielastic
lateral deflection w, in the form

w,=A(1) sin(7x/¢) (21)

satisfies Eq. (18), boundary conditions (11), and the initial
condition (12). In Eq. (21), the amplitude A(¢) is defined as

AL +4(0)]
AW = AT e (0] (22)
where
A=P/P, (23)

and the elastic critical load P, is given by
P, =a’E,1/¢? (24)
As follows from Egs. (22) and (9), at the time of the load
application 7= 0, the amplitude of the instantaneous elastic
deflection is
A, =4 [A/(1-N)] (25)
Respectively, the ratio A(¢)/A4, is obtained in the form

4 A =M1 +y¢(1)]
/(1:) - 1—>\[1+¢(r;] (26)

This equation characterizes the creep buckling behavior of the
axially compressed viscoelastic column w1th initial imperfec-
tion.

Beam Columns Under Lateral Pressure

Consider a viscoelastic beam column subjected simulta-
neously to the axial compressive force P < P, and the uniform
lateral pressure g,. In this case, the corresponding bending
moment M is of the form

M=Pw+3qyx(¢—x) 27

+ Following the solution procedure outlined above, Eq. (27) is
introduced into the governing equation (4), which is subse-
quently treated by means of the quasielastic method. As the
creep buckling problem under consideration is reduced to the
corresponding time-dependent elastic problem, the elastic
analysis can be employed. Thus, using the solution by
Timoshenko,'® one arrives at the quasielastic approximation of
the amplitude of the lateral deflection in the form

gt 8
A1) = 8}\ 2B, I {A[1+¢(t)]772

1
X[cos(w/zn/x[l 0 _1] ‘1} )

This equation at ¢= 0 yields the amplitude of the instanta-
neous elastic deflection 4,.
The ratio

A(t)

8/1+z,b(t)]({1/cos(frr/2)\/}\[1+xp(t }—1)
8[1/cos(m/2)VA — 1] ~

(29)

represents the creep buckling behavior of the viscoelastic
beam column subjected to axial compression and lateral pres-
sure.
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Beam Columns in Bending

Consider a viscoelastic beam column subjected to the axial
compressive load P < P, and bending moments M, applied
as shown in Fig. 1. In this case, the governing equation to the
problem is of the form

BT 4 P T) (w) = ~(14T*) (M) (30

Similarly to the previous cases, the quasielastic method is
applied, and the result is obtained in terms of the time-depen-
dent amplitude of the lateral deflection

() = { sm(qr/z),/ [1+v(0)]
2E I sinm/A[1+ ¢ ()]

It follows that the creep buckling characteristic of viscoelastic
beam columns in bending is of the form

A(1)

e

({sm(n/2)1/7\[1+xp(t }/{smw‘/}\ 1+9(1)] })
2{[s1n(77/2)\/—]/[sm7r\/_]}—1

e

(32)

Analysis of Results

The quasielastic solutions of the above-considered problems
indicate that the viscoelastic buckling behavior of beam col-
umns under various loading conditions is governed by two
parameters, A and ¢ (¢). The first parameter represents the
magnitude of the axial compression P as related to the elastic
critical load P, [see Eq. (23)). Respectively, the second govern-
ing parameter Y (t) defines the creep properties of the struc-
ture.

According to Egs. (26), (29), and (32), the creep buckling
characteristics of beam columns increase in time and are
either limited or unlimited, depending on the value of the
product A[l +y(¢)]. Particularly, as A[L + ()] =1, A(t) —»
00.

The case of infinite deflections, however, is of little practical
interest. Indeed, it refers to the situation conceptually incon-
sistent with the assumptions of the linear deformation theory.
Clearly, the derived solutions are applicable only to the case
of limited creep buckling for which

A[L+9(1)] <1 (33)

Further in the analysis, two types of linear viscoelastic
materials are distinguished, those exhibiting limited and un-
limited creep. Limited creep is characterized by the creep
function (¢), which tends to a certain constant value ¢, as
t — o0. For materials with unlimited creep, ¥, = o0.

For viscoelastic materials with limited creep, the condition
(33) is fulfilled at any time, even as ¢ — oo, if the applied
compressive load P does not exceed a certain value defined as
a safe load limit P,. The magnitude of P, depends on the
asymptotic behavior of the creep function of the material

P/P,=1/(1+14,) (34)

It follows that for materials with unlimited creep, the safe
load limit P, = 0. This result is identical with that obtained for
initially bent viscoelastic columns by Distefano® and
Kempner.! Similar behavior was observed from the creep
buckling analysis of eccentrically loaded viscoelastic columns,
circular arches, and spherical shells, see Vinogradov.!41%20

A detailed analysis of the creep buckling behavior of beam
columns can be afforded as the creep properties of the material
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Fig. 3 Creep buckling characteristics.

are specified. Consider as an example two simple rheological
material models shown in Fig. 2, which represent, respectively,
materials with limited and unlimited creep. The model in Fig.
2a is known as a three-parameter standard solid with the
creep function

Yy (1) =(Ep/E)(1—e™™) p=E/m (35

As t— 00,Y,)(0) = E,/E,, ie., the creep function ¢, is
limited in time.

The model in Fig. 2b represents unlimited creep and is
known as the Maxwell-Kelvin material with the creep function

‘P(h)(’)=(E0/E1)(1‘e_M)+(Eo/??0)t (36)

As t— 00, Y (00) = 0.

For both material models, the elasticity and viscosity coeffi-
cients are specified as E,/E; =0.5 and 1,/%, = 0.1. Accord-
ing to Eq. (34), in the case of the three-parameter model, the
safe load limit P,/P,=0.67.

The creep buckling characteristics for three values of A,
A=0.3, 0.5, and 0.67 are computed using Egs. (26), (29), and
(32). The numerical results obtained in each of the above-con-
sidered problems are practically identical. These results are
plotted vs the nondimensional time ut as shown in Fig. 3.

The analysis indicates that the lateral deflection of beam
columns with limited creep, model a, is limited in time when
the compressive load P does not exceed the safe load limit
P, = 0.67. Particularly, for A = 0.3 and 0.5, the corresponding
asymptotic values of the lateral deflections are A(x0)/4,=1.9
and 3.0, respectively. For A > 0.67 in the case of limited creep
and for all magnitudes of A in the case of unlimited creep, the
structures tend to develop large deformations for which the
condition (33) ceases to be valid at a certain point in time. It
should be noted, however, that in the case of unlimited creep,
the deflections may increase at low rates over extended time
intervals if the values of A are relatively small as compared
with unity, ie., A <0.3.
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Fig. 4 Comparison of creep buckling characteristics (three-parameter
standard solid).

Discussion

The approximate technique employed in this analysis en-
tails the question as to the accuracy of the derived results. The
studies by Schapery!” and Amusin and Linkov?! indicate that,
in general, the quasielastic method provides adequate solu-
tions to viscoelastic problems involving quasistatic loading
conditions and low deformation rates. Applicability of this
method to the creep buckling analysis of eccentrically com-
pressed viscoelastic columns and circular arches is discussed
by Vinogradov,'*!? yielding the conclusion that the quasielas-
tic approximations are sufficiently accurate when the loading
parameters are below the safe load limit.

In this section, the accuracy of the quasielastic method is
assessed by a comparison of the approximate results with the
exact creep buckling characteristics given by Kempner'® for
some simple rheological material models. For axially com-
pressed viscoelastic columns with initial imperfection in the
form of Eq. (15), the exact analytical solution is of the form

A2 -2 ) 3

where the function F(¢) is specified as:
1) For the three-parameter standard solid,

(1) = A(E}:%T)ﬂili FA
X{exp[(r)\}\% - 1),Lz] —1} +1 (38)

2) For the Maxwell-Kelvin material,

F() =5t (B e = (B=w) ] (39)
in which
p= x5, ) “

1 L= 9om

E E\*> 4\ E,E |Y?
2w1'2=£_ﬂ—lil(ﬁ——7ﬁ) = 1] (41)

The creep buckling characteristics are computed using the
following numerical data E,/E, =0.5, 7,/1, =01, and
p=E, /n, in Egs. (37-41). Three values of the parameter A
are considered: A = 0.3, 0.5, and 0.67. The obtained numerical
results are presented in graphical form and compared with the
corresponding quasielastic approximations as shown in Figs. 4
and 5.



MARCH 1987 BUCKLING OF VISCOELASTIC BEAM COLUMNS 483
4 ' > Ref.
o P eferences
' i?”’ 1Booker, J.R., “A Method of Solution for the Creep Buckling of
3 Lz7 N Structural Members of a Linear-Viscoelastic Material,” Journal of
A/Ag o —— Engineering Mathematics, Vol. 7, No. 2, 1973, pp. 101-113.
e / 2Booker, J.R., Frankham, B.S., and Trahair, N.S., “Stability of
2 '/"/ B P — Viscoelastic Structural Members,” Civil Engineering Transactions, In-
,// '__/,—.—.-_’4-‘-\": stitute of Engineers, Australia, Vol. 16, No. 1, 1974, pp. 45-51.
ZF A=0.3 3Distefano, J.N., “Creep Buckling of Slender Columns,” Journal of
' | Structural Division, ASCE, Vol. 91, No. 3, 1965, pp. 127-150.
EXACT SOLUTION 4Ellington, J.P., “Buckling of a Viscous Strut Loaded Eccentrically,”
Journal of Strain Analysis, Vol. 9, No. 4, 1974, pp. 227-229.
_____ QUASL- ELASTIC SOLUTION 5Hilton, H.H., “Creep Collapse of Visco-elastic Columns with
° ! 2 3 Initial Curvatures,” Journal of the Aeronautical Sciences, Vol. 19, Dec.
ot 1952, pp. 844-846.

Fig. 5 Comparison of creep buckling characteristics (Maxwell-Kelvin
model).

The diagrams indicate that for both material models the
quasielastic method provides accurate results as the creep
deformations remain relatively small. Particularly, this refers
to the conditions below the safe load limit. Observing that the
same conditions define the limits of applicability of the linear
deformation theory, one arrives at the conclusion that the
quasielastic method, in general, is adequate for applications to
the linear creep buckling analysis.

Conclusions

The paper presents a consistent creep buckling analysis of

beam columns under general loading conditions. Formulation
of the problem is based on the constitutive equations of the
linear viscoelastic theory and is given in terms of linear
integral operators of the Stieltjes convolution type.

The analyses of three particular problems with different
loading conditions indicate that the creep buckling behavior
of viscoelastic beam columns is typically governed by the
magnitude of the axial compressive force.

It is shown that for the viscoelastic materials with limited
creep, there is a safe load limit below which the creep buckling
characteristics are limited in time. The ratio of the safe load
limit and the Euler’s elastic critical load depends only on the
long-term creep properties of the material.

In two simple cases, the approximate quasielastic solution
of the creep buckling problem under consideration is com-
pared with the exact viscoelastic anatysis. This comparison
indicates that the quasielastic method provides accurate re-
sults within the limits of applicability of the linear deforma-
tion theory.
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